In a recent paper (1993), Lustig established a beautiful connection between the six Weierstrass points on a Riemann surface M2 of genus 2 and intersection points of closed geodesics for the associated hyperbolic metric. As a consequence, he was able to construct an action of the mapping class group Ouf(n,M,)
Theorem 3.51. Our discussion in this paper begins with the observation that these two results of Lustig's are direct consequences of the work of Birman and Hilden 121 on equivariant homotopies for surface homeomorphisms.
It is a well-known fact of finite group theory that there is an exceptional isomorphism S, + Sp,(Z,) [71. On the other hand, it is a well-known fact of surface topology that O~t(riM~) acts on H1(M2, Z,) affording an epimorphism O~t(~iM~l+ Sp4(Z2). (In this context Sp,(Z,) arises as the automorphisms of H&M*, Z,> which preserve the Z,-valued intersection pairing on ff,(M,, Z,>.> In this paper, we show that the exceptional isomorphism S, -+ S',(Z,) of finite group theory arises from a natural connection between the Weierstrass points on M2 and H1(M2, Z,). As a consequence, we show that the exceptional isomorphism S, + Sp,(Z,) identifies Lustig's representation U~t(riM~) + S, with the Z, symplectic representation Out(rr,MJ + Sp,(Z,).
Here is an outline of the paper. In Section 1, using the work of Birman and Hilden referred to above, we construct an action of 0z.&(~iM2) on the set of Weierstrass points of M, and a virtual splitting of Au~(T~M,) + Out(~~M~j. In Section 2, we develop the connection between the Weierstrass points of M, and H1<M2, Z,) and the corresponding actions of 0ut(alM2). We identify the kernel of the action of 0ut(r,M2) on the set of Weierstrass points of M, given in Section 1. In addition, we give an independent proof of Lustig's condition for simple closed curves on M, 16, Theorem 3.21. Finally, in Section 3, we show that our action and virtual splitting agree with those constructed by Lustig. In addition, we give an independent proof of Lustig's result relating intersection points of base pairs and Weierstrass points on M2 [6 , Theorems 2.3 and 2.41.
An action and a virtual splitting
Let M2 be a closed Riemann surface of genus 2. Let W denote the set of six Weierstrass points of M,. As a 2-fold branched covering of S* branched over q(W), q is classified by a homomorphism A : H,(S*\q(W)) + Z,. For each Weierstrass point P of M2, let pP be a small loop in S*\q (W) around
the point q(P). H,(S*\q(W>, Z)
is generated by the homology classes of the loops pp. Let czP be the preimage of pP in M,\ W. ap is a small loop in M,\ W around the point P. (See Fig. 2 .) Since P is an isolated fixed point of the orientation preserving hyperelliptic involution i, the restriction of q to (Ye is a 2-fold covering map q I : a,, + pp. Hence, h assigns 1 to the homology class of each loop pp.
Suppose that g : M2 -+ M, is a homeomorphism of M,. We say that gpreserves the fibers of q if q(x) = q(y) implies that q(g(x)) = q(g(y)). If h: S2 + S* is a homeomorphism of S2 for which h 0 q = q 0 g, we say that g is a lift of h. It is easy to see that the following are equivalent:
l g preserves the fibers of q, l g is the lift of a homeomorphism of S2, l g commutes with i. Proof. Let (+ E S,. Let h be a homeomorphism of S* such that h(q(P$ = q(P,,).
Let (h I>, be the automorphism of H@'\q(W>, 2) induced by the restriction h I: S*\q(W> + S*\q(W). Clearly, (h I>* maps the homology class of a small loop around q(Pi) to the homology class of a small loop around q(P,&. Thus, from the description of A given above, we conclude that A o(h I), = A. It follows from elementary covering space theory that h lifts to a homeomorphism g of M, such that g(Pi> = PUcij. Since g is a lift of a homeomorphism of S*, g E Homeo(M,, i).
0
Let r2 be the full (or extended) mapping class group of M2 and l-'l be the mapping class group of M2. rz is the subgroup of index 2 in r2 consisting of the mapping classes of orientation preserving homeomorphisms of M,. As observed in the proof of [l, Theorem 4.81, there exists a collection of twist maps gi : M2 --) M2, i=l , . . . ,5 such that:
l gi is the lift of a homeomorphism of S* for i = 1,. . . ,5, l I',+ is generated by the isotopy classes of gi, i = 1,. . . ,5. Let h, be an orientation reversing homeomorphism of S* which fixes each point of q(W). By the proof of Lemma 1.1, h, lifts to a homeomorphism g, of M2 which fixes each point of W. Since h, is orientation reversing, g, is orientation reversing. Hence, r2 is generated by the isotopy classes of gi, i = 0,. . . ,5. Since gi is a lift of a homeomorphism of S*, gi is an element of Homeo(M,, i), i = 0,. . . ,5. Hence, we have an epimorphism: The associated action of r2 on the set of Weierstrass points of M2 is given by the rule r * P = g(P) for every Weierstrass point P of M,, every mapping class r in P, and every homeomorphism g E Homeo(M,, i) representing 7. Moreover, r is subjective.
Proof. The second and third statements follow immediately from the first statement and Lemma 1.1. Suppose that h is in the kernel of q. We must show that h is in the kernel of p. By our assumption and the previous observations, h is a homeomorphism of M2 which respects the fibers of q and is isotopic to the identity. By [l, Theorem 4.71 , there is an isotopy h, between h = h, and id = h, such that for each t E 10, 11 the map h, is fiber preserving. By the previous observations, each homeomorphism h, acts on the set of Weierstrass points of M,.
Since this is a discrete set of points, it follows that h,(P) = h,(P) for all t E [0, 11 and all P E W. Since h, = h and h, = id, we conclude that h is in the kernel of p. cl
By our previous discussion, r, is generated by r: and the mapping class of an orientation reversing homeomorphism g, of M, which fixes each Weierstrass point of M,. Since &+ is generated by the mapping classes of Dehn twists about nonseparating simple closed curves, r is completely determined by the action of such classes. We now describe the action of these classes. Proof. This is an easy consequence of [6, Theorem 3.21 . We now give an independent proof which illustrates the nature of our arguments in this paper.
Let P and Q be a pair of distinct Weierstrass points. Let J be an embedded arc in S2 such that J meets q(W) precisely at its endpoints q(P) and q(Q). The preimage y,, = q-l(J) in M, is a nonseparating simple closed curve on M, and i(y,) = yO. Since y0 is a nonseparating simple closed curve on M,, there exists a homeomorphism h such that h(yJ represents c. By Lemma 1.2, there exists a homeomorphism h' such that h is isotopic to h' and i 0 h' = h' 0 i. Let y = h'(y,). Since y0 is a nonseparating simple closed curve, y is a nonseparating simple closed curve. Since h' is isotopic to h and h(yo) E c, y E c. Proof. The restriction of i to y is an involution i I of a circle. Since i has only finitely many fixed points, i I is a nontrivial involution. If i I is orientation preserving, then i I has no fixed points. On the other hand, if i I is orientation reversing, then i 1 has exactly two fixed points. It suffices, therefore, to show that i I has at least one fixed point.
Suppose that i 1 has no fixed points. Then the restriction of q to y gives a 2-fold covering q : y + q(y) and y = q-l(q(y)).
The image q(y) is an embedded simple Proof. Let J = q(y) be the image of y in S2. Since the restriction of i to y is an involution with two fixed points P and Q, J is an embedded arc in S2 joining q(P) to q(Q) and y = q-l(J). Since P and Q are the only Weierstrass points of M2 on y, q(P) and q(Q) are the only points of q(W) on J. Let D be a regular neighborhood of J in S2 such that P and Q are the only Weierstrass points of M2 in q-l(D). Let h be a homeomorphism of S2 which fixes S2\D pointwise and permutes q(P) and q(Q). We assume that the restriction of h to D represents the standard generator of the braid group on two strings. h lifts to a homeomorphism g of M, which represents rr and permutes P and Q. Proof. This is an easy consequence of [6, Theorem 3.21. We give an independent proof. Let D be a disc in S2 such that D meets q(W) in precisely three points none of which lies on the boundary p of D. The preimage y0 = q-'(p) is a simple closed curve in M2 bounding the preimage T = q-'(D).
Since T is a 2-fold branched cover of D branched over three points, T is a torus with one hole. Hence, y,, separates M2 into two tori with one hole each. Thus y0 is a nontrivial separating simple closed curve on M,. Moreover, since y0 Proof. The restriction of i to y is an involution i I of a circle. Since i has only finitely many fixed points, i I is a nontrivial involution. If i I is orientation preserving, then i I has no fixed points. On the other hand, if i I is orientation reversing, then i I has exactly two fixed points. It suffices, therefore, to show that i I has no fixed points.
Suppose that i I has a fixed point. Then i I has two fixed points P and Q and the image q(y) is an embedded arc J which meets q(W) precisely at its endpoints q(P) and q(Q) d an y = q-'(J). This is impossible, since it implies that y is a nonseparating simple closed curve in M,. We are now able to give an independent proof of Lustig's criterion for simple closed curves. Proof. Let P,, . . . , P6 be the Weierstrass points of M2. Let Ji, i = 1,. . . ,4 be a collection of embedded arcs in S2 with the following properties: 0 Ji and Jj meet precisely at q(P,) for each distinct pair i and j, l J, meets q(W) precisely at its endpoints q(P,) and q(P,+l), l the indexing of these arcs agrees with their cyclic ordering around q(P,).
Let yj = q-'(.Ij)
so that yj is a nonseparating simple closed curve on M2 such that q(yjyj) = yj and P, and Pj+* are the two Weierstrass points of M, on yj. (See Fig.   3 .) By our previous remarks, the restriction of i to yj is an orientation reversing q(P,) Jg w, 1 involution with fixed points P, and Pj+l. Hence, if xj denotes the element of r1(M2, Pi) represented by yj, i*(Xj)=~,~l. If we orient the curves yj, we see that the cyclic ordering of the curves yj around P, is yi, yz, y3, y4, y;', y;', yyl, y;l. If we cut M2 open along the curves yj we obtain a surface F which is a 2-fold branched cover over the complement D of the arcs Jj in S2. Since D is a disc with one branch point q(P,), F is a disc. On the other hand, our observation regarding the cyclic ordering -1 implies that the boundary of F is represented by the word y1y4y; 'y2y; 'y; 'y3y2 . (See Fig. 4 .) Hence, since Mz is obtained from F by the obvious edge pairing, we obtain the presentation of r1AJ2 given in the theorem provided we let a =x1, b =x4, c =x;l and d =x2. Moreover, the hyperelliptic involution i induces the given automorphism j.
Suppose that [w] contains a separating simple closed curve y. We may assume that y is nontrivial. By Lemma 1.7, we can assume that i(y) = y. Hence, by Lemma 1.8, the restriction of i to y has no fixed points. Therefore, i must preserve the orientation of y. Thus j(w) is conjugate to w.
Suppose, on the other hand, that [w] contains a nonseparating simple closed curve y. By Lemma 1.4, we can assume that i(y) = y. Hence, by Lemma 1.5, the restriction of i to y has exactly two fixed points. Therefore, i must reverse the orientation of y. Thus j(w) is conjugate to w-i. 0
Let P be a Weierstrass point on M2. Let Homeo(M,, i, PI be the stabilizer in Home&V,, i) of P with respect to the representation p. Since Home&V,, i, P) is a group of homeomorphisms of the pointed space CM,, P), we have a natural action of Homeo(M,, i, P) on ?r,(M,, P). This action affords a representation u: Homeo(M,, i, P) -+Aut(~,M& Let r,(P) be the stabilizer in r, of P with respect to the representation r. By Lemma 1.2 and Proposition 1.3, 17 restricts to an epimorphism 77 I : Homeo(M,, i, P) + P,(P). Proof. The second and third statements are immediate consequences of the first statement, the sujectivity of 77 I and the definition of 1~. Suppose that h is in the kernel of q I. We must show that h is in the kernel of U. By our assumption and the previous observations, h is a homeomorphism of M2 which respects the fibers of q and is isotopic to the identity. By [l, Theorem 4.71, there is an isotopy h, between h = h, and id = h, such that for each t E [0, 11 the map h, is fiber preserving. By the previous observations, each homeomorphism h, acts on the set of Weierstrass points of M2. Since this is a discrete set of points, it follows that h,(P) = h,(P) for all t E [O, 11. Thus, h is isotopic to id relative to P and, consequently, the action of h on T,(M,, P) agrees with that of id. Hence, h is in the kernel of u. 0 
Weierstrass points and Z,-homology
The restriction 
Lemma 2.2. Let y be a nonseparating simple closed curve such that i(y) = y and v be the homology class of y in H,(M,, Z,). Let P and Q be the two Weierstrass points ofM2 on y. Then w(v)=pp+/30.
Proof. The image J = q(y) is an embedded arc in S2 which meets q(W) precisely at its endpoints q(P) and q(Q). Let S be the boundary of a regular neighborhood D of J. We assume that q(P) and q(Q) are the only points of q(W) in D. In particular, this implies that S represents the homology class pp + pp. Proof. Let Jj be an embedded arc in S2 joining q(Pj) to q(Qj). We may assume that J, n J2 = (q(P,), q(Ql)} f~ {q(P,), q(Q2)). Let yj = q-'(Jj). Then yj is a simple closed curve in M2 such that iCyi> = yj and Pj and Qj are the two Weierstrass points of M, on yj. By choosing the arcs Ji carefully, we may assume that yr and y2 are transverse. Hence, ( ur, 21~) is equal to the congruence class modulo 2 of the number of points in y1 f~ y2. On the other hand, since J, n J2 is equal to (q(Pr), dQl>} n IdP2), dQ2k y1 n y2 = IPI, QJ n (5 Q21. 0
Let u and w be two nontrivial homology classes in H1(M2, Z,). We say that u and w are Z, disjoint if ( U, w > = 0. By Lemma 2.7 and the fact that 0 is injective, u and w are Z, disjoint if and only if they are equal or have no common Weierstrass point. We say that (v, w} is a Z, base pair if (u, w) = 1. Again, by Lemma 2.7, {v, w} is a Z, base pair if and only if there is exactly one common Weierstrass point on u and w. The following result is an immediate consequence of these observations. [4] implies that this system of Dehn twists is the smallest system of Dehn twists generating I';.) By an argument similar to the proof of Lemma 1.4, we may assume that i(-yj) = yj, j = 1,. . . ,5. Hence, each of these curves contains exactly two Weierstrass points. The above results imply that we may label the Weierstrass points I',, . . . , Pe such that Pi and P,+r are the Weierstrass points of M2 on yi. Hence, by Proposition 1.6, ri is sent to the ith standard generator of S,, the transposition interchanging Pi and Pi+l. Hence, we have a complete description of the representation r.
The &-valued intersection form ( , > is a 2, symplectic form on H,(M,, 2,) . We recall the fact that the action of homeomorphisms on homology respects this form and induces an epimorphism I) : r, --) Sp,(Z,). Proof. Since r and # are both epimorphisms, it suffices to show that they have the same kernel. The action of r, on W associated to the representation r induces an action of r, on S,*(W). Let r * denote the representation of r, associated to this action. Likewise, the action of r, on H,(M,, Z,) associated to the representation I) induces an action of r, on H1(M2, ZJ * with an associated representation I) *. Clearly, the kernel of $ * is equal to the kernel of +. On the other hand, by Lemma 2.6, 0 is a r, equivariant bijection of the r, sets I$,(&, Z,)* and S; ( W). Thus, the kernel of r + is equal to the kernel of I) * , Hence, it suffices to show that the kernel of r * is equal to the kernel of r.
Clearly, the kernel of r is contained in the kernel of r l . Suppose, on the other hand, that r is an element of r, contained in the kernel of r *. Let P be a Weierstrass point of M2. We must show that T -P = P. Suppose, that T. P # P. Let Q be a Weierstrass point of M, with P # Q. Since T is in the kernel of r *, (T -P, T * Q> = (P, Q}. Since T. P # P, we conclude that T. P = Q. This last identity holds for every Weierstrass point Q of M2 with P z Q. Since there are more than two Weierstrass points on M,, this is impossible. 0 Lemma 2.7 implies that C, is a configuration. It is easy to see that the correspondence P -C, defines a bijection between the set of Weierstrass points of M2 and the set of configurations in H1(M2, Z,). The correspondence P -C, is in some sense "dual" to our correspondence a. From this duality, we see that the isomorphism p of Theorem 2.10 is the inverse of the isomorphism v constructed by the classical argument with configurations.
This duality can be understood as follows. Let G denote the full graph on six vertices (i.e., the l-skeleton of a 5-simplex). G has two interpretations relevant to our discussion. In the first interpretation, the vertices of G correspond to the Weierstrass points of M2 and the edges of G correspond to the distinct pairs of Weierstrass points of M2. The vertices of an edge of G correspond to the two Weierstrass points of the corresponding pair. In the second interpretation, the vertices of G correspond to the configurations and the edges of G correspond to the nontrivial homology classes in H1(M2, Z,>. The vertices of an edge of G are the two configurations containing the corresponding homology class. From this point of view, the correspondence P -C, is a "vertex" isomorphism and the correspondence R is the associated "edge" isomorphism. Proof. This is a consequence of 16, Theorem 2.31. We give an independent argument.
By Lemma 1.4, there exists a nonseparating simple closed curve y' E c such that i(y') = y'. Thus i preserves the isotopy class c. Since i is an isometry, i(y) is a geodesic. By the uniqueness of the geodesic in a given isotopy class, therefore, i(y)= y. 0
In order to state our next theorem, we recall the following notions from 161. A geodesic base pair on a Riemann surface M is a pair of simple closed geodesics on M which meet in exactly one point. A pair of points P and Q on a closed geodesic y on M are antipodes on y if P and Q separate y into two geodesic segments of equal hyperbolic length. Proof. This is essentially [6, Theorems 2.3 and 2.41. We give an independent proof. By Lemmas 1.5 and 3.1, we see that there are exactly two Weierstrass points on each of the geodesics in the given base pairs. By Lemma 2.2, these two points are the Weierstrass points on the corresponding nontrivial homology classes in H,(M,, Z,). These homology classes form a pair of Z, disjoint Z, base pairs on M,. Hence, the result follows immediately from Proposition 2.8. q Proof. Let g E Homeo(M,, i) represent an element 7 of r, and let P be a
Weierstrass point of M,. Let y1 and y2 be a base pair of geodesics of (M2, d) such that P = y1 n y2. Let Qj be the Weierstrass point of M, such that P and Qj are the two Weierstrass points of M, on yj, j = 1, 2. Let yj be the unique hyperbolic geodesic in the isotopy class of g(yj), j = 1, 2. We must show that g(P) is the common Weierstrass point of y', and y;. is a virtual splitting of Aut(~,M2) + O~t(r~A4~). Aut(~,(M,, P)) + O~t(7r~(M~, P)). Since s is a virtual splitting of this homomorphism on the subgroup of finite index I',(P), we conclude that s(I',(P)) is equal to OS(M,). 0
